Some classical polar spaces admit polar spaces of the same rank as embedded polar spaces (often arisen as the intersection of the polar space with a non-tangent hyperplane). In this article we look at sets of generators that behave combinatorially as the set of generators of such an embedded polar space, and we prove that they are the set of generators of an embedded polar space.
Introduction
A fundamental question in finite geometry is to recognize geometric substructures from combinatorial properties. One of the first questions of this kind was posed (and solved) by Beniamino Segre, who showed that an oval (which is defined in a combinatorial way) of a finite Desarguesian projective plane of odd order, is necessarily a conic (which is a non-singular curve of degree two). Comparable questions have been studied in higher dimensional projective spaces and also in finite classical polar spaces, of which the following theorem is an example. Theorem 1.1 (De Winter and Schillewaert, [3] ). If a point set K in PG(n, q), n ≥ 4, q > 2, has the same intersection numbers with respect to hyperplanes and subspaces of codimension 2 as a polar space P ∈ {H(n, q 2 ), Q + (2n + 1, q), Q − (2n + 1, q), Q(2n, q)}, then K is the point set of a non-singular polar space P.
In this paper, we deal with a rather particular situation in finite classical polar spaces. Motivated by research in [2] , the aim is to recognize embedded finite classical polar spaces as sets of generators of a larger polar space satisfying some combinatorial properties. As such, we want to provide a proof of Theorem 6.6 in [2] , and this is the main aim of this paper.
Polar spaces were introduced in an axiomatic way by Veldkamp ( [7, 8] ) and Tits ([6] ). A polar space is a point-line geometry satisfying the one-or-all axiom, i.e. for a given point P and a given line l not through P , the point P is collinear with one point of l or with all points of l. This characterization is due to Buekenhout and Shult. Although this remarkable characterization is often very useful in geometrical and combinatorial proofs of theorems on polar spaces, we will prefer the use of the original definition of polar spaces of Tits, which turns out to make our proofs shorter. Definition 1.2. A polar space of rank d, d ≥ 3, is an incidence geometry (Π, Ω) with Π a set whose elements are called points and Ω a set of subsets of Π satisfying the following axioms.
(1) Any element ω ∈ Ω together with the elements of Ω that are contained in ω, is a projective geometry of dimension at most d − 1.
(2) The intersection of two elements of Ω is an element of Ω (the set Ω is closed under intersections).
(3) For a point P ∈ Π and an element ω ∈ Ω of dimension d − 1 such that P is not contained in ω there is a unique element ω ′ ∈ Ω of dimension d − 1 containing P such that ω ∩ ω ′ is a hyperplane of ω. The element ω is the union of all 1-dimensional elements of Ω that contain P and are contained in ω.
(4) There exist two elements Ω both of dimension d − 1 whose intersection is empty.
One of the consequences of the theory developed in [6] is that all polar spaces of rank at least 3 arise from a sesquilinear or quadratic form acting on a vector space over a (skew)field. In the finite case, this means that finite polar spaces of rank at least 3 are known and classified. We assume that the reader is familiar with finite classical polar spaces. To fix the notation, we provide a table with the six different families of finite classical polar spaces including rank and parameter.
The finite field of order q, q = p h , p prime and h ≥ 1, will be denoted as F q , and the ndimensional projective space over F q as PG(n, q).
family subfamily notation ambient space rank parameter A finite classical polar space of rank d over F q has parameter e = log q (x−1) with x the number of generators through a fixed (d− 2)-space. The following lemma summarizes the number of points and generators of a finite classical polar space using rank, parameter and order of the field. Recall that n + 1 k + 1 q denotes the Gaussian coefficient representing the number of k-dimensional spaces in PG(n, q). Note that for 0 ≤ m < r one defines m r q = 0.
The number of generators of a finite classical polar space of rank d with parameter e, embedded in a projective space over F q , is given by
The number of generators on a classical finite polar space of rank d with parameter e, embedded in a projective space over F q , through a fixed point is
Consider a polar space P of rank d, defined over F q . Any hyperplane π of the ambient projective space which is not a tangent hyperplane to P, contains or intersects the elements of P. The elements completely contained in the hyperplane constitute a finite classical polar space P ′ in π. The polar space P ′ may be of the same rank as P, but will have a different parameter. In this paper we are interested in the cases where the rank of P ′ equals the rank of P. This restricts us to the following cases:
. Using the particular isomorphism between Q(2n, q) and W(2n − 1, q), q even, also the embedding Q + (2n + 1, q) ⊂ W(2n + 1, q), q even, is known. Our result will also include this case. 
(ii) for every point P of P there is a generator π / ∈ S through P ;
(iii) for every point P of P and every generator π / ∈ S through P , there are either (q e−1 +
The aim of this paper is precisely to show a characterisation of polar spaces P ′ embedded in a polar space P of the same rank through the combinatorial and geometrical behavior of the set of generators of P ′ as subset of the generators of P. In other words, if a set of generators of a finite classical polar space behaves combinatorially as the set of generators of an embedded polar space of the same rank, is it really the set of generators of an embedded polar space? The main theorem of this paper is the following. Theorem 1.5. Let P be a finite classical polar space of rank d and with parameter e ≥ 1 over the finite field F q . If S is a strong pseudopolar set of generators in P, then S is the set of generators of a finite classical polar space of rank d and with parameter e − 1 embedded in P.
The main theorem
We start by presenting a well-known result for Gaussian coefficients, the q-binomial theorem. It is a q-analogue of the classical binomial theorem. Lemma 2.1. For any prime power q, non-negative integer n and t a variable over F q we have
First we present two counting results for strong pseudopolar sets.
Lemma 2.2. Let P be a finite classical polar space of rank d ≥ 3 and with parameter e ≥ 1, embedded in a projective space over F q and let S be a strong pseudopolar set of generators in P.
(ii) Any point of P is contained in 0 or
Proof. (i) By condition (ii) of strong pseudopolar sets it is clear that S cannot contain all generators of P. Let τ be a generator of P not contained in S. Counting the elements of S by intersection dimension with τ , using condition (i) we find that
2 )+(i−1)e = (q e−1 + 1)
(ii) Let P be a point of P. By condition (ii) of strong pseudopolar sets we find a generator containing P not in S. The lemma now follows from condition (iii) since
(q e+i + 1) .
In both cases we used Lemma 2.1 in the final step. Now, we define pseudopolar sets of generators, with similar but different characterisations.
Definition 2.3. Let P be a finite classical polar space of rank d ≥ 3 and with parameter e ≥ 1, embedded in a projective space over F q . A set S of generators of P is called pseudopolar if (i) the number of elements of S meeting a given generator of S in a (d−2)-space equals
(ii) the number of elements of S disjoint to a given generator of S is nonzero;
(iv) any point of P is contained in 0 or
For a set of generators being pseudopolar is a consequence of being strong pseudopolar. We will show this in detail.
Lemma 2.4. Let P be a finite classical polar space of rank d ≥ 3 and with parameter e ≥ 1, embedded in a projective space over F q . If S is a strong pseudopolar set of generators in P, then S is also a pseudopolar set of generators.
Proof. The first condition for pseudopolar sets follows from condition (i) of strong pseudopolar sets for i = 1 and π ∈ S. The second condition for pseudopolar sets also follows from condition (i) of strong pseudopolar sets, now applied for i = d and π ∈ S: we find that there are q (
2 )+de−1 > 0 generators in S disjoint to a given generator.
The third and fourth condition for pseudopolar sets hold for strong pseudopolar sets thanks to Lemma 2.2.
We now prove that pseudopolar sets are embedded polar spaces. Thanks to the previous lemma this is sufficient to prove the main theorem. Theorem 2.5. Let P be a finite classical polar space of rank d ≥ 3 and with parameter e ≥ 1, embedded in a projective space over F q . If S is a pseudopolar set of generators in P, then S is the set of generators of a classical polar space of rank d and with parameter e − 1 embedded in P.
Proof. Let O be the set of all points in P that are contained in at least one element of S and let T be the set of all subspaces in P that are contained in at least one element of S. It is clear that the sets O and S are subsets of T , as is the empty set. We define P ′ = (O, T ). We will prove that P ′ is a polar space of rank d using Definition 1.2. It is immediate that P ′ fulfils axioms (1) and (2): they are inherited from P. Note that the elements of T that have dimension d − 1 are precisely the elements of S. By condition (ii) of pseudopolar sets we know that the number of elements of S disjoint to a given element of S is nonzero. Hence, axiom (4) is also fulfilled.
We count the number of points in O. We perform a double counting on the set {(P, π) | P ∈ O, π ∈ S, P ∈ π}. Using conditions (iii) and (iv) of pseudopolar sets we find that
Now, let π ∈ S be a generator. We count the number of tuples in the set
Using condition (i) of pseudopolar sets, we find that
So, |E| = |O \ π|. Consequently, for the points in O not in π there is on average one generator in S through it meeting π in a (d − 2)-space. However, by axiom (3) applied for P, for every point in O there is at most one generator in S through it meeting π in a (d − 2)-space. We find that through every point of O there is precisely one generator in S meeting π in a (d − 2)-space. This proves axiom (3). We conclude that P ′ is a polar space of rank d. Comparing Theorem 1.3 and |O| we find immediately that the parameter of P ′ equals e − 1. By the aforementioned result of Tits (see [6] ) the polar space P ′ is classical.
As a corollary we find the main result of this article, the one that motivated this research.
Corollary 2.6. Let P be a finite classical polar space of rank d ≥ 3 and with parameter e ≥ 1, embedded in a projective space over F q . If S is a strong pseudopolar set of generators in P, then S is the set of generators of a classical polar space of rank d and with parameter e − 1 embedded in P.
Proof. Considering Lemma 2.4 this corollary follows from Theorem 2.5.
Looking at the previous results we can see that actually we proved a characterisation result for embedded polar spaces of the same rank and with parameter one less.
Theorem 2.7. Let P be a finite classical polar space of rank d ≥ 3 and with parameter e ≥ 1, embedded in a projective space over F q , and let S be a set of generators in P. The four following statements are equivalent.
(1) S is strong pseudopolar.
(2) S is pseudopolar.
(3) S is the set of generators of a classical polar space of rank d and with parameter e − 1 embedded in P.
Proof. The assertion (1) =⇒ (2) is in Lemma 2.4 and the assertion (2) =⇒ (3) is Theorem 2.5. We conclude this proof by showing the assertion (3) =⇒ (1). We assume that (3) is true. Let P ′ be the polar space defined by S. Both P and P ′ are classical. So, we have one of the following possibilities:
The second case, the embedding of Q + (2d − 1, q) in W(2d − 1, q) for q even, arises from the embedding of Q + (2d − 1, q) in Q(2d, q), q even, since Q(2d, q) and W(2d − 1, q) are isomorphic as polar space for q even (we refer to [4, Chapter 22] and [5, Chapter 11] for more details). So, we only have to deal with the three remaining cases. In all these cases, the embedded polar space P ′ can be found by intersecting P with a non-tangent hyperplane α of the ambient projective space. The generators of P ′ , i.e. the set S, are the generators of P contained in α. The generators of P that are not in S meet α in a (d − 2)-space. In the same way, the points of P ′ are the points of P contained in α, while the points of P that are not in P ′ are the points not in α. Keeping this in mind, checking conditions (i) and (iii) of strong pseudopolar sets are well-known counting results for finite classical polar spaces (see e.g. [1] or [4] ). Condition (ii) follows from Lemma 1.3 as
Remark 2.8. It is clear, as we saw in Lemma 2.4 that the definition of pseudopolar sets are weakened versions of the definition of strong pseudopolar sets. However, we can also prove the stronger conditions from the weaker ones. One could wonder whether there are other ways to weaken the conditions of strong pseudopolar sets and also find an equivalent definition. This can indeed be done. Probably there are a lot of possibilities; we will present here one (without the proofs). One could keep conditions (i) and (ii) of pseudopolar sets (see Definition 2.3) and replace (iii) and (iv) by (iii') the number of elements of S meeting a given generator not in S in a (d − 2)-space equals q e−1 + 1;
(iv') for every point P of P and every generator π / ∈ S through P , either for all j = 0, . . . , d − 2 the number of generators of S through P meeting τ in a j-space is non-zero and it equals q e+1 + 1 if j = d − 2, or else for all j = 0, . . . , d − 2 it is zero.
Remark 2.9. We could consider the set of generators of a polar space of rank d as a subset of the set of (d − 1)-spaces of the ambient projective space instead of as generators of larger polar space. We could wonder whether it is possible to characterise a set of (d − 1)-spaces in a projective space as the set of generators in a way similar to the one described in Definitions 1.4 or 2.3. For strong pseudopolar sets it is easy to see that an analogue cannot be made as it requires a statement about the (d − 1)-spaces not in the set, and we know that not all (d − 1)-spaces meet the polar space in the same way. For pseudopolar sets, however, it is possible to make a projective analogue. For given d and e, we could call a set S of (d − 1)-spaces in a projective space of dimension at least 2d + e − 1 pseudopolar if (i) the number of elements of S meeting a given element of S in a (d − 2)-space equals d 1e−1 ;
(ii) the number of elements of S disjoint to a given element of S is nonzero;
(iii) |S| = The generator set of a polar space of rank d and with parameter e is clearly an example of a pseudopolar set, but we will give another example. Let π 1 and π 2 be two planes in PG(n, q), n ≥ 4 and q even, meeting in a line ℓ, and let H i be a dual hyperoval in π i with ℓ as one of its q + 2 lines, i = 1, 2. Then (H 1 \ {ℓ}) ∪ (H 2 \ {ℓ}) is a pseudopolar set for d = 2 and e = 1. It is however not the set of generators of a polar space. Note that the 'classical' example is a Q + (3, q), and that is spans also a 3-space in PG(n, q). A classification of pseudopolar sets in projective spaces is therefore different from the classification for polar spaces. We state it here as an open problem.
